Abstract. In this paper, by using concentration-compactness principle and a new version of the symmetric mountain-pass lemma due to Kajikiya (J Funct Anal 225:352-370, 2005), infinitely many small solutions are obtained for a class of quasilinear elliptic equation with singular potential
Introduction
In this paper, we study the existence of infinitely many small solutions for the following quasilinear elliptic equation with singular potential |x| s u, the existence of positive solutions for the Eq. (1.1) are obtained in [14] . Chen and Li [15] obtained that the existence of infinitely many solutions by using minimax procedure in the case µ = 0 and f (x, u) = k(x)|u| r−2 u (1 < r < Np N −p ). But they did not give any further information on the sequence of solutions.
Recently, Kajikiya [16] established a critical point theorem related to the symmetric mountain pass lemma and applied to a sublinear elliptic equation. But there are no such results on singular quasilinear elliptic problems with critical Sobolev exponents and Hardy terms (1.1).
Motivated by reasons above, the aim of this paper is to show that the existence of infinitely many solutions of problem (1.1), and there exists a sequence of infinitely many arbitrarily small solutions converging to zero by using a new version of the symmetric mountain-pass lemma due to Kajikiya [16] . In order to use the symmetric mountain-pass lemma, there are many difficulties. The main one in solving the problem is a lack of compactness which can be illustrated by the fact that the embedding of H
longer compact. Hence the concentration-compactness principle is used here to overcome the difficulty.
u ∈ H 1,p 0 (Ω) is said to be a solutions of problem (1.1) if u satisfies
In the case µ = 0, problem (1.1) is related to the well known SobolevHardy inequalities, which is essentially due to Caffarelli, Kohn and Nirenberg (see [17] ), Vol. 17 (2010) Solutions for a class of quasilinear elliptic equation 57
where p ≤ q ≤ p * . For sharp constants and extremal functions, see [9] . As q = s = p, the above Sobolev inequality becomes the well known Hardy inequality (see [9, 17, 18] 
In this paper, we use the norm 
By the Hardy inequality and the Sobolev-Hardy inequality, for 0 ≤ µ < µ, 0 ≤ s < p and p ≤ r ≤ p * (s), we can define the Sobolev-Hardy constant:
In the important case where r = p * (s), we shall simply denote A µ,s,p * (s) as A s . Note A µ,0 is the best constant in the Sobolev inequality, i.e.,
Note that A µ,0,p (Ω) is nothing but the first eigenvalue of the positive operator
The energy functional corresponding to problem (1.1) is defined as follows,
Standard arguments [19] show that I(u)
The solutions of problem (1.1) are then the critical points of the functional I.
The main result of this paper is as follows. There then exists λ * > 0 such that for any λ ∈ (0, λ * ), problem (1.1) has a sequence of non-trivial solutions {u n } and u n → 0 as n → ∞. Remark 1.1. When p = 2, µ = 0 and s = 0, the authors in [20] proved the existence of infinitely many solutions for (1.1) under conditions (
Theorem 1.1. Suppose that f (x, u) satisfies the following conditions:
2 * for almost every x ∈ Ω and u ∈ R where
But they did not give any further information on the sequence of solutions. When p = 2, the authors in [2] proved the existence of infinitely many small solutions for (1.1) under conditions (H 1 ) − (H 3 ). In this paper, we shall prove that this sequence of solutions may converge to zero for (1.1). Remark 1.2. In this paper, the nonlinearity f (x, u) need not satisfy condition (H 4 ) as in [20] . Furthermore, we consider more general nonlinearity than is considered in [14, 15] . Hence, we make a improvement of the main results of [2, 14, 15, 20] . 
Preliminary lemmas
Denote M + as a cone of positive finite Radon measure. Since the proof of the following result is similar to Lions [21, 22] and is an adaptation of lemma by Smets [24] , we just sketch the proof here. 
Then there exist a, at most, countable index set J and a collection of points
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Under assumption (H 2 ), we have
|x| s , which means that, for all ε > 0, there exist two constants a(ε), b(ε) > 0 which depend on ε such that
Hence,
for some constant c(ε) > 0 which depend on ε.
Lemma 2.2. Assume condition (H 2 ) holds. Then for any λ > 0, the functional I satisfies the local (P S) c condition in
in the following sense: if
and
It follows from (2.4) and (2.5) that
Then by (2.3), we obtain
where o(1) → 0 and M is a some positive number. On the other hand, by (2.2) and (2.6), we have
Thus (2.6) and (2.7) imply that {u n } is bounded in H
x j be a singular point of the measures ζ and ν, define a function
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On the other hand, by Hölder inequality and boundedness of {u n }, it implies that
From (2.8) to (2.10), we get 0 = lim
Combing this with Lemma 2.1(iii), we obtain that
. This result implies that
holds, for some j ∈ J, then by using Lemma 2.1 and the Hölder inequality, we have
|Ω|, 
since I (u) = 0. Thus we prove that {u n } strongly converges to u in H 1,p 0 (Ω).
Existence of a sequence of arbitrarily small solutions
In this section, we prove the existence of infinitely many solutions of (1.1) which tend to zero. Let X be a Banach space and denote Σ:={A ⊂ X \{0} : A is closed in X and symmetric with respect to the orgin}. If there is no mapping ϕ as above for any m ∈ N , then γ(A) = +∞. Let Σ k denote the family of closed symmetric subsets A of X such that 0 ∈ A and γ(A) ≥ k. We list some properties of the genus (see [16] ). The following version of the symmetric mountain-pass lemma is due to Kajikiya [16] .
